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In this paper, we study the spin precession frequency of a test gyroscope attached to a stationary
observer in the five dimensional rotating Kaluza-Klein black hole (RKKBH). We derive the conditions
under which the test gyroscope moves along a timelike trajectory in this geometry and the regions
where the spin precession frequency diverges. The magnitude of the gyroscope precession frequency
around KK black hole diverges at two spatial locations outside the event horizon. However in the
static case, the behavior of the Lense Thirring frequency of a gyroscope around KK black hole is much
like an ordinary Schwarzschild black hole. Since a rotating Kaluza-Klein black hole is a generalization
of Kerr-Newman black hole, we present two mass-independent schemes to distinguish these two
spacetimes.
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2I. INTRODUCTION
A complete gravitational collapse of a massive or a supermassive star leads to one of the following fates: neutron
star, black hole or naked singularity, primarily depending on the initial mass of the star and various complicated
initial conditions of physical parameters [1]. From the mathematical and astrophysical perspectives, the task to
distinguish the scenarios of the formation of black hole and naked singularities remains enigmatic. The central
question is whether a given configuration of matter collapses would lead to the formation of horizon or not. In other
words, whether the horizons form prior the curvature singularity or later. Researchers pondered also on the puzzle
whether a black hole can convert into a naked singularity. Numerous thought experiments involving the absorption
of spinning or charged particles in an extremal black hole lead to the destruction of the horizon [2]. However the
considerations of back-reaction or self-conservative force could avoid such a conclusion [3].
Though there are numerous astrophysical candidates for black holes, there are none for naked singularity. It still
does not discard the possibility of the existence of visible singularities since these are valid predictions of Einstein
theory of General Relativity. In order to distinguish an astrophysical black hole from a naked singularity, few impor-
tant schemes are proposed: the phenomenon of gravitational lensing and formation of shadow images [4]; detection
of hard X and gamma rays from the inner regions of accretion disks surrounding compact objects [5]; investigation
of gravitational waves emitted form compact objects [6]; and the spin precession frequency of a stationary test gy-
roscope being frame dragged in the ergo-region of the spinning black hole [7–11]. However from the theoretical
perspective, only a theory of quantum gravity can ultimately explain the process of complete gravitational collapse.
Observationally, the Gravity Probe B detected and measured the geodetic precession frequency of a gyroscope rel-
ative to earth [12]. The relativistic gyro-frequency diverges in the ergo-region of the black hole while for a naked
singularity, it gets divergent near the singularity itself. In recent years, the gyro-frequency has been calculated for
various spinning black holes and naked singularities with interesting observable consequences.
The pioneering idea of Kaluza and Klein was an attempt to unify the two fundamental forces, electromagnetism
and gravity, by introducing one extra spatial dimension to an existing four dimensional spacetime structure. Al-
though their approach was not successful, the idea of higher dimensions has been taken over by modern string
theory and M theory. In the past three decades, there have been numerous studies to derive solutions of the rotating
black holes with or without electric charge in the Kaluza-Klein theory. Since the fifth spatial dimension is compact-
ified to a circle with size of Planck scale and the Kaluza-Klein black hole are asymptotically flat (or Minkowski),
it suggests that these black holes can only be created and observed at high energy scales such as particle acceler-
ators. Thus the formation of mini black holes in accelerators could present hint of extra dimensions. Theoretical
models of KK black holes include several fields including Maxwell field, Chern-Simons field and the dilaton field.
Besides, there are very few known black hole solutions in five dimensions, including Myers-Perry black hole [13],
Kaluza-Klein black hole with squashed horizon [14], charged rotating black hole in minimal supergravity [15], and
in five-dimensional Einstein-Maxwell-Chern-Simons supergravity [16].
We take into account a stationary gyroscope moving both under the effects of relativistic frame dragging of a
spinning black hole and under the effects of a constant angular speed Ω along the directions ∂φ. As the spacetime is
stationary, there exist another Killing vector ∂t. Thus one can define a general Killing vector as K = Kα∂α ≡ ∂t+Ω∂φ,
while the actual speed of the gyroscope is proportional to the magnitude of the vector K as follows: u = |K|/√|K2|.
Note that K2 = 0 gives information about the stationary limit surfaces or the ergo-regions in the spacetime. In the
limit Ω → 0, one recovers the expression of Lense-Thirring precession frequency.
The plan of the paper is as follows: In Sec. II, we develop the general formalism of gyroscope spin precession
frequency for a rotating black hole in five dimensional Kaluza-Klein theory. In Sec. III, we present a brief review
with new physical insights of the rotating KKBHs. In Sec. IV, we calculate the general spin precession frequency
vector of the gryoscope around RKKBH and discuss some physical consequences. In Sec. V, we discuss how to
distinguish RKKBH from the ordinary Kerr-Newman black hole (KNBH) using spin precession analysis. Finally, we
conclude in Sec VI.
II. GENERAL FORMALISM
In this section we adopt the following index conventions, most for Kaluza-Klein theories. (α, β, γ, δ): 1 → 5,
(µ, ν, ρ, σ): 1 → 4, (a, b, c, d): 1, 2, and (i, j, k, l,m, n): 1 → 3. We work with the general metric ansatz for a five-
dimensional spacetime: xi (spatial dimensions), x4 = t, x5 = ψ (fifth dimension). In five-dimensional Kaluza-Klein
theories the spacetime is equipped with a metric gαβ independent of the extra spacelike dimension x
5 [20]
ds2 = gαβ(x
µ)dxαdxβ, (1)
3of signature (+ + + − +). The known 4 + 1 decomposition [20] of the metric (1) leads particularly to the four-
dimensional metric g¯µν in the Einstein frame
g¯µν =
√
g55
(
gµν −
gµ5gν5
g55
)
, (2)
where the expression between parentheses is the four-dimensional metric in the Jordan frame.
The extra dimension x5, being compactified, is unobservable. This implies that any rotation in the Klein circle
or any motion in the fifth dimension is also unobservable: The only observable rotation would be that along the
spatial coordinates xi. If the stationary metric in endowed with axial symmetry depending only on (x1 = r, x2 = θ)
and independent of (x3 = φ, x4 = t), the general Killing vector K reduces to K = ∂t + Ω∂φ and its corresponding
co-vector (or a 1-form) is given by
K¯ = g¯44dt+ g¯34dφ+ Ω(g¯34dt+ g¯33dφ). (3)
Consider a test gyroscope attached to an observer moving along a Killing trajectory on a stationary 5-dimensional
spacetime. If K represents the timelike Killing vector field of the spacetime, then the spin of the gyroscope can be
represented by the vorticity field of the Killing congruence. Thus, we can define the general spin precession Ω˜p of
the test gyroscope as [17]
Ω¯p =
1
2K2
∗ (K¯ ∧ dK¯), (4)
where ∗ represents the Hodge star operator and ∧ is the wedge product.
Using (4), we can first evaluate the one-form of the precession frequency Ω¯p then its vector ~Ωp, representing the
overall rotation in the four-dimensional spacetime, by
~Ωp =
±ǫab
2
√|g¯|(g¯44 + 2Ωg¯34 + Ω2 g¯33)
[
g¯44 g¯34,a− g¯34 g¯44,a+Ω
(
g¯44 g¯33,a− g¯33 g¯44,a
)
+Ω2
(
g¯34 g¯33,a− g¯34 g¯34,a
)]
∂b, (5)
where ǫab is the totally antisymmetric symbol. The overall sign± is due to the different conventions in the definition
of the Hodge star1 and the definitions ǫ0123 = +1 and ǫ1234 = +1 as we are labeling the time coordinate by x
4 instead
ot x0. In the limit, Ω = 0, one obtains the expression of Lense-Thirring precession frequency in five dimensions.
III. ROTATING KALUZA-KLEIN BLACK HOLE
Static Kaluza-Klein black holes are derived by standardmethods of solving the Einstein field equations or Einstein-
Yang-Mill equations with matter fields [22]. However, the rotating Kaluza-Klein black holes are not, in general,
derived by solving the field equations. Instead one employs the product of Kerr metric with a line, boosts along
the line and then compactifies the extra dimension [23, 24], see also [25] where the solution is derived by solving
the Einstein and scalar field equations. The resulting solution is stationary, axis-symmetric and invariant under
translation along the fifth dimension. Motivated by higher dimensional string and supergravity theories, researchers
have derived six and multi-dimensional rotating Kaluza-Klein black holes as well [26].
The rotating black hole in the Kaluza-Klein theory (RKKBH) is given in the form [27]:
ds2 =
H2
H1
(dψ+ A)2 − H3
H2
(dt+ B)2 + H1
(dr2
∆
+ dθ2 +
∆
H3
sin2 θdφ2
)
, (6)
where
H1 = r
2 + a2 cos2 θ + r(p− 2m) + p(p− 2m)(q− 2m)
2(p+ q)
− p
2m(p+ q)
√
(q2 − 4m2)(p2− 4m2) a cos θ,
H2 = r
2 + a2 cos2 θ + r(q− 2m) + q(p− 2m)(q− 2m)
2(p+ q)
+
q
2m(p+ q)
√
(q2 − 4m2)(p2− 4m2) a cos θ,
H3 = r
2 + a2 cos2 θ − 2mr, ∆ = r2 + a2 − 2mr,
1 A definition of the Hodge star is
∗(dxI1 ∧ · · · ∧ dxIp ) =
√|g|
(n− p)! ǫν1···νn−pµ1···µp g
µ1 I1 · · · gµp Ipdxν1 ∧ · · · ∧ xνn−p.
4including the 1-forms
A = − 1
H2
[
2Q(r+
p− 2m
2
) +
√
q3(p2 − 4m2)
4m2(p+ q)
a cos θ
]
dt− 1
H2
[
2P(H2 + a
2 sin2 θ) cos θ +
√
p(q2 − 4m2)
4m2(p+ q)3
×[(p+ q)(pr−m(p− 2m)) + q(p2 − 4m2)]a sin2 θ
]
dφ, (7)
≡ A4dt+ A3dφ,
B =
(pq+ 4m2)r−m(p− 2m)(q− 2m)
2m(p+ q)H3
√
pqa sin2 θdφ, (8)
≡ B3dφ.
The spacetime admits two horizons namely, r± = m±
√
m2 − a2, obtained by solving ∆ = 0. The four parameters
m, a, p, q appearing in the solution are related to the physical mass M, angular momentum J, electric charge Q and
magnetic charge P as follows:
M =
p+ q
4
, J =
√
pq(pq+ 4m2)
4m(p+ q)
a, Q2 =
q(q2 − 4m2)
4(p+ q)
, P2 =
p(p2− 4m2)
4(p+ q)
. (9)
The corresponding four dimensional metric in the coordinates (t, r, θ, φ) in the Einstein frame is
ds¯2 = −H3
ρ2
dt2 − 2H4
ρ2
dtdφ+
ρ2
∆
dr2 + ρ2dθ2 +
(−H24 + ρ4∆ sin2 θ
ρ2H3
)
dφ2, (10)
and its determinant is
g¯ = ρ2 sin2 θ.
Here we have set ρ2 ≡ √H1H2 and H4 ≡ B3H3 where B3 is defined in (8). Next, we introduce the dimensionless
parameters (b, c) such that p ≡ bm and q ≡ cm, and other dimensionless parameters defined by ǫ2 ≡ Q2/M2,
µ2 ≡ P2/M2, α ≡ a/M and x ≡ r/M. From now on we will adopt (x, M, α, b, c) as free independent parameters in
terms of which the relevant quantities take the following form.
m =
4M
b+ c
, ǫ2 =
4c(c2 − 4)
(b+ c)3
, µ2 =
4b(b2 − 4)
(b+ c)3
, J =
√
bc(bc+ 4)
(b+ c)2
M2α, (11)
H1
M2
=
8(b− 2)(c− 2)b
(b+ c)2
+
4(b− 2)x
b+ c
+ x2 − 2b
√
(b2 − 4)(c2− 4) α cos θ
(b+ c)2
+ α2 cos2 θ, (12)
H2
M2
=
8(b− 2)(c− 2)c
(b+ c)2
+
4(c− 2)x
b+ c
+ x2 +
2c
√
(b2 − 4)(c2− 4) α cos θ
(b+ c)2
+ α2 cos2 θ, (13)
H3
M2
= x2 + α2 cos2 θ − 8x
b+ c
,
∆
M2
= x2 + α2 − 8x
b+ c
, (14)
H4
M3
=
2
√
bc[(bc+ 4)(b+ c)x− 4(b− 2)(c− 2)]α sin2 θ
(b+ c)3
. (15)
Notice that the metric (10) has similarity with the rotating Kaluza-Klein solution with dilaton field as discussed in
[23]. The thermodynamic investigations of charged RKKBH reveal interesting results: the temperature of the black
hole horizon increases to indefinitely large values as the mass decreases while the entropy of horizon increases with
mass too. However after including the rainbow gravity effects, the black hole temperature does not increase after
reaching a critical level and than drops suddenly to zero as mass approaches to zero [21].
Physical properties
In this paper we discuss some physical properties of the metric (10) that have not been discussed in [27], where
particularly some thermodynamic entities have been evaluated. Note that this metric reduces to the Kerr metric in
the case b = 2 and c = 2 (p = 2m and q = 2m) where all the charges vanish: ǫ2 = 0 and µ2 = 0. However, in the
5absence of magnetic charges (b = 2), the solution never reduces to KNBH. From this point of view, the metric (10) is
a generalization of the KNBH. The thermodynamical properties of (10) have been discussed in [27].
The parameters b and cmay be expressed in terms of ǫ2 and µ2 on solving the second and third expressions in (11)
for b and c. The resulting formulas, expressing b and c as functions of ǫ2 + µ2 and ǫ2µ2, are however sizable. First,
we set η ≡ b+ c and κ ≡ bc. On combining the second and third expressions in (11) we obtain
(b+ c)2 = 4
b2 + c2 − bc− 4
ǫ2 + µ2
,
which results in
η2 =
4(4+ 3κ)
4− ǫ2 − µ2 . (16)
This implies that
ǫ2 + µ2 < 4, (17)
no matter the value of the rotation parameter α is. For physical solutions the upper bounds should be ǫ2 < 1 and
µ2 < 1, this shows that unusual solutions with ǫ2 ≥ 1 and µ2 ≥ 1might exist in higher dimensional general relativity.
However, new larger limits, ǫ2 < 4 and µ2 < 4 subject to ǫ2 + µ2 < 4, are set.
Next, the product of the second and third expressions in (11) yields the cubic equation in κ
4ǫ2µ2(4+ 3κ)3 = (4− ǫ2 − µ2)2κ[(4− ǫ2 − µ2)κ2 − 8(2+ ǫ2 + µ2)κ− 16(ǫ2 + µ2)], (18)
where we have used (16) to eliminate η2. Once κ is determined from (18) one obtains an expression for η from (16).
Expressions for b an c are derived upon solving z2 − η z+ κ = 0 where z stands for b or c.
In the limits ǫ2 ≪ 1 and µ2 ≪ 1 one can provide corrections to the KNBH of first order in (ǫ2, µ2). Of relevant
consequences to this work are the event horizon and the outer radius of the ergoregion that are solutions to ∆ = 0
and H3 = 0:
xh =
4+
√
16− (b+ c)2α2
b+ c
, (19)
xerg =
4+
√
16− (b+ c)2α2 cos2 θ
b+ c
. (20)
The extremal black hole corresponds to
16
(b+ c)2
− α2 = 0. (21)
In the limits ǫ2 ≪ 1 and µ2 ≪ 1 it is much easier to solve (11) for b and c in terms of (ǫ2, µ2), b ≃ 2+ 2µ2 + 3ǫ2µ2
and c ≃ 2+ 2ǫ2 + 3ǫ2µ2, and finally Eqs. (19) and (21) take the form
xh ≃ 1+
√
1− α2 − 1
2
(√1− α2 + 1√
1− α2
)
(ǫ2 + µ2) +
(2− 3α2 + 2(1− α2)√1− α2
8
√
1− α2(1− α2)
)
(ǫ2 + µ2)2
− 3
2
(√1− α2 + 1√
1− α2
)
ǫ2µ2, (22)
1− α2 − ǫ2 − µ2 + 3
4
(ǫ2 − µ2)2 ≃ 0. (23)
We see from (23) that the first four terms correspond to a doubly charged KNBH. The last term is a correction of
second order in (ǫ2, µ2). The r.h.s of (22) reduces to the Kerr term if all the charges are zero. We see that even in the
limits ǫ2 ≪ 1 and µ2 ≪ 1 the first three terms of the r.h.s of (22), which we rewrite as
xh = 1+
√
1− α2 − 1
2
√
1− α2 (ǫ
2 + µ2)− 1
2
(ǫ2 + µ2) + · · · , (24)
provide a correction of first order in (ǫ2, µ2) to the value of xh for the KNBH in the same limits: This is the extra term
−(ǫ2 + µ2)/2 in the last equation.
6IV. SPIN PRECESSION OF A TEST GYROSCOPE IN RKKBH
We consider the following quantities:
Ωθ ≡ g¯44 g¯34,r − g¯34 g¯44,r + Ω
(
g¯44 g¯33,r − g¯33 g¯44,r
)
+ Ω2
(
g¯34 g¯33,r − g¯34 g¯34,r
)
, (25)
Ωr ≡ g¯44g¯34,θ − g¯34 g¯44,θ + Ω
(
g¯44 g¯33,θ − g¯33 g¯44,θ
)
+ Ω2
(
g¯34 g¯33,θ − g¯34 g¯34,θ
)
, (26)
where Ω is constant bounded by the constraint that K = ∂t + Ω∂φ is timelike, that is,
g¯44 + 2Ωg¯34 + Ω
2 g¯33 < 0, (27)
resulting in
min(Ω1(r, θ)) < Ω < max(Ω2(r, θ)). (28)
Thus, Ω is any number smaller than the maximum value of the function Ω2(r, θ) and bigger than the minimum value
of the function Ω1(r, θ) where
Ω1 =
H3
−ρ2√∆ sin θ− H4
, Ω2 =
H3
ρ2
√
∆ sin θ− H4
. (29)
We call these two functions, which are depicted in Fig. 1, the limit frequencies for timelike motion. Since on the
horizon we have ∆ = 0, this results in Ω1 = Ω2 = −H3/H4 at x = xh.
We intend to investigate the behavior of the norm of the vector ~Ωp,
|~Ωp| =
√
g¯11Ω2r + g¯22Ω
2
θ
2
√|g¯| ∣∣g¯44 + 2Ωg¯34 + Ω2 g¯33∣∣ , (30)
where the presence of the metric coefficients (g¯11 = ρ
2/∆, g¯22 = ρ
2) is to take into account the fact that (∂r, ∂θ) (5)
are not unit vectors. For the metric (10), (Ωθ, Ωr) are given by
Ωθ =
1
H23ρ
4
{
2H23H4(r−m)−
a
√
bc(4+ bc)H33m sin
2 θ
2(b+ c)
+ Ω
[
4rH3H
2
4 − 4mH3H24 −
a
√
bc(4+ bc)H33H4m sin
2 θ
b+ c
+2H23(r−m)ρ4 sin2 θ + H23 [H2((b− 2)m+ 2r) + H1((−2+ c)m+ 2r)]∆ sin2 θ+ 4mH3ρ4∆ sin2 θ − 4rH3ρ4∆ sin2 θ
]
+Ω2
[
H3H4ρ
2
(
2(r−m)ρ2 + [H2((b− 2)m+ 2r) + H1((c− 2)m+ 2r)]∆
ρ2
)
sin2 θ− a
√
bc(4+ bc)H3H
2
4m sin
2 θ
2(b+ c)
− a
√
bc(4+ bc)mH3ρ
4 sin2 θ
2(b+ c)
+ 2H4(r−m)(H24 − ρ4∆ sin2 θ)
]}
, (31)
Ωr =
1
H23ρ
4
{ a√bcH33m[(b− 2)(c− 2)m− (4+ bc)r] cos θ sin θ
b+ c
− 2a2H23H4 cos θ sin θ
+Ω
[2a√bcH23H4m[(b− 2)(c− 2)m− (4+ bc)r] cos θ sin θ
b+ c
− 2a2H3H24 cos θ sin θ + 4a2H3ρ4∆ cos θ sin3 θ
aH23∆
[
H1[
√
b2 − 4c
√
c2 − 4m+ 4a(b+ c) cos θ] + H2[−b
√
(b2 − 4)(c2 − 4)m+ 4a(b+ c) cos θ]] sin3 θ
2(b+ c)
+H23ρ
4
∆ sin(2θ)
]
+ Ω2
[ a√bcH3H24m[(b− 2)(c− 2)m− (4+ bc)r] cos θ sin θ
b+ c
(32)
+
a
√
bcH3m((b− 2)(c− 2)m− (4+ bc)r)ρ2 cos θ sin3 θ
b+ c
− 2a2H4 cos θ sin θ(H24 − ρ4∆ sin2 θ) + 2H3H4ρ2∆ sin θ
×
(
ρ2 cos θ − a[H1(
√
(b2 − 4)(c2− 4)mc+ 4a(b+ c) cos θ) + H2(−b
√
(b2 − 4)(c2 − 4)m+ 4a(b+ c) cos θ)] sin2 θ
4(b+ c)ρ2
)]}
,
7while the expression in the denominator of Eq. (30), 2
√|g¯| ∣∣g¯44 + 2Ωg¯34 + Ω2 g¯33∣∣, simplifies to
2
∣∣H23 + 2ΩH3H4 + Ω2(H24 − ρ4 sin2 θ∆)∣∣ sin θ
|H3| . (33)
For Ω held constant, its zeros will be denoted by x1 and x2:
xh < x1 < xerg < x2 if Ω 6= ωh, (34)
xh = x1 < xerg < x2 if Ω = ωh,
where ωh ≡ ω(x = xh) and ω(x) ≡ −g¯34/g¯33 is the ZAMO’s angular velocity satisfying
ω = − H3H4
H24 − ρ4∆ sin2 θ
, Ω1Ω2 = −H3ωH4 ,
Mωh = −M
H3
H4
∣∣∣
x=xh
=
(b+ c)3α
2
√
bc[(bc+ 4)(b+ c)xh − 4(b− 2)(c− 2)]
. (35)
2 4 6 8 10
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FIG. 1. Plots of (Ω1, Ω2) (29) in the units of 1/M, that is, plots of the dimensionless entities (MΩ1, MΩ2) versus x = r/M for θ = π/2 and
α = 1/5. In the left panel we took b = 2 & c = 3 (the analog to KNBH with ǫ2 = 12/25 and µ2 = 0) and in the right panel we took b = c = 7
(ǫ2 = µ2 = 45/98). The two curves meet at x = xh.
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FIG. 2. Plots of |~Ωp| (30) in the units of M2, that is, plots of the dimensionless norm |~Ωp|/M2 versus x = r/M for θ = π/2 and α = 1/5. We
took b = c = 7 (ǫ2 = µ2 = 45/98) for the blue plot, b = c = 3 for the red plot (ǫ2 = µ2 = 5/18), b = 2 & c = 3 for the magenta plot (the analog
to KNBH with ǫ2 = 12/25 and µ2 = 0), and b = c = 2 for the black plot corresponding to the Kerr black hole. In the left panel we took Ω = 0.
The norm |~Ωp| diverges on the surface of the ergoregion x = xerg and the gyro may remain on a timelike curve for all x > xerg. As the black hole
becomes more and more charged, the three-space outside the ergoregion extends. In the right panel we took Ω = 1/10. The norm |~Ωp| diverges
at the two zeros x1 and x2 (34) of the denominator of (30), given in (33), and the gyro may remain on a timelike curve only for x taken between
these zeros. As the black hole becomes more and more charged, both zeros decrease and the three-space between them extends.
For Ω = 0, there is nothing special as Fig. 2 reveals: The gyro may remain on a timelike curve for all x > xerg.
As the black hole becomes more and more charged, the three-space outside the ergoregion extends. For Ω 6= 0, the
8norm |~Ωp| diverges at the two zeros x1 and x2 (34) of the denominator of (30), given in (33), and, for Ω held constant,
the gyro may remain on a timelike curve only for x taken between these zeros. As the black hole becomes more and
more charged, both zeros decrease and the three-space between them extends.
Notice the presence of a point xmin where |~Ωp(xmin)| = 0, that is, a point where Ωθ(xmin) = 0 and Ωr(xmin) = 0.
Such a point may offer a way for distinguishing KNBH and RKKBH. Another way to distinguish these BHs is to
consider the minimum value of MΩ1 and the maximum value of MΩ2 (29) versus ǫ
2, as depicted in Fig 1 and
subsequent figures.
V. DISTINGUISHING KERR-NEWMANAND ROTATING KALUZA-KLEIN BLACK HOLES
A. |~Ωp(xmin)| = 0
The metric of the KNBH may be brought to the form (10) with
ρ2KN
M2
= x2 + α2 cos2 θ,
∆KN
M2
= x2 − 2x+ ǫ2 + α2, (36)
H3 (KN)
M2
= x2 + α2 cos2 θ− 2x+ ǫ2, H4 (KN)
M3
= α(2x− ǫ2) sin2 θ. (37)
We consider a KNBH and a RKKBH with no magnetic charge (µ2 = 0). In Fig. 3 we depict the graphs of xmin(ǫ
2)
where |~Ωp(xmin)| = 0. The graphs of the event horizon xh versus ǫ2 are also shown. We are interested in the region
outside the event horizon. For the numerical set used in Fig. 3, the values of xmin range from 2 to 2.7, the range of
the electric charge where xmin ≥ xh is, however, much larger for a RKKBH.
We do not expect the charge of a black hole to exceed its mass, we focus on the physical region corresponding
to ǫ2 ≪ 1. In this case, as we see from the right panel of Fig. 3, a moving gyro, following a time like path with an
angular velocity Ω 6= 0, may reveal the nature of the BH as follows. To be more precise, we provide the calculations
for ǫ2 = 1/100. This yields xmin = 2.66275 for a KNBH and xmin = 2.65781 for a RKKBH, which do not depend on
the mass of the BH and correspond to ∆x = 0.00493387. Introducing the relevant physical constants we obtain
∆r =
GM
c2
∆x, (38)
where G = 6.673× 10−11 and c = 299792458 in SI units. For a BH with one solar mass (M⊙ = 1.9888× 1030 kg),
∆r = 7.3 m and for a BH with one million solar masses ∆r = 7.3× 106 m. In terms of r, the gyro will detect no spin
precession, corresponding to a vanishing value of |~Ωp|, at rmin = 3.93188× 109 m if it is moving along a timelike
path in a KNBH, if, otherwise, |~Ωp| vanishes at some smaller value of r, such that ∆r = 7.3× 106 m, this should
correspond to a RKKBH with no magnetic charge.
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FIG. 3. Plots of xmin such that |~Ωp(xmin)| = 0 and the event horizon xh versus ǫ2 for θ = π/2 and α = 1/5. Left Panel: The black plot depicts
xmin(ǫ
2) and the blue plot depicts xh(ǫ
2) for the KNBH. The blue plot ends at the point (0.96, 1) corresponding to the extremal KNBH. Middle
Panel: The green plot depicts xmin(ǫ
2) and the blue plot depicts xh(ǫ
2) for the RKKBH with no magnetic charge (µ2 = 0). The blue plot ends at
the point (2.88, 0.2) corresponding to the extremal RKKBH. Right Panel: The black plot depicts xmin(ǫ
2) for the KNBH and the green plot depicts
xmin(ǫ
2) for the RKKBH. These are the same plots of the left and middle panels combined with the horizon plots deleted. In both the left and
middle panes the curve xmin(ǫ
2) meets the x-axis at 2.7 corresponding to Kerr BH.
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FIG. 4. Left Panel: Plot of the absolute value the minimum of Ω1 (29) in the units of 1/M (plot of M|Ω1(min)|) versus ǫ2 = Q2/M2 for θ = π/2
and α = 1/5. The black plot represents a KNBH and the green plot represents a KKRBH. Right Panel: Plot of the maximum of Ω2 (29) in the units
of 1/M (plot of MΩ2(max)) versus ǫ
2 for θ = π/2 and α = 1/5. The black plot represents a KNBH and the green plot represents a KKRBH with
µ2 = 0. The green plots extend up to ǫ2 = 2.88, which is the value of ǫ2 for an extremal KKRBH (Fig. 3).
B. Mmin(Ω1(r, θ)) and Mmax(Ω2(r, θ))
Another way to be able to distinguish a KNBH and a RKKBH is to compare the extrema of the dimensionless
functions (MΩ1, MΩ2) for both BHs. In Fig. 4 we depict the maximum values of (M|Ω1|, MΩ2) versus ǫ2 = Q2/M2.
For ǫ2 = 1/100, we have MΩ2(max) = 0.2094775 for KNBH and MΩ2(max) = 0.2094763 for a RKKBH with µ
2 = 0.
These vales, which are independent of the mass M of the BH, show that for 0.2094763 < MΩ ≤ 0.2094775 a gyro
in the geometry of a KNBH can still follow a prograde timelike path while this is not possible in the geometry of a
RKKBH. For the same value of ǫ2 we obtain MΩ1(min) = −0.1792895775 ≃ −0.1792896 for KNBH and MΩ1(min) =
−0.1792890227 ≃ −0.1792890 for a RKKBH with µ2 = 0. This shows that for −0.1792896 ≤ MΩ < −0.1792890 a
gyro in the geometry of a KNBH can still follow a retrograde timelike path while this is not possible in the geometry
of a RKKBH.
VI. DISCUSSION
In this paper, we have extended the analysis of gyroscope precession frequency to five dimensional charged ro-
tating black holes in Kaluza-Klein theory. This phenomenon is related with the stationary gyroscopes moving along
timelike curves in a stationary black hole spacetimes. First we derived the general precession frequency formula for
test gyroscopes valid for general five dimensional rotating black holes, by dimensionally reduction to four dimen-
sions. From empirical perspective, we studied the magnitude of the precession frequency vector associated with
test gyroscopes in KK spacetime, |~Ωp|, and the limit frequencies for timelike motion, (Ω1, Ω2). We have shown that
|~Ωp| may vanish if Ω 6= 0 and that this fact can be used to distinguish astrophysical black holes. We have also
shown how the extreme values of (Ω1, Ω2) may help distinguishing astrophysical black holes. Both these schemes
are mass-independent.
There are few important points of note: the |~Ωp| diverges at two spatial locations outside the event horizon,
enclosing the outer radius of the ergoregion. However if Ω = 0, than the norm |~Ωp| diverges at a single location
only, which is the outer radius of the ergoregion. Moreover, the angular speed Ω of the stationary gryoscopes
takes both positive and negative values, depicting the gyroscopes moving around the black hole in prograde and
retrograde orbits respectively. The maximum of Ω2 occurs much closer to the horizon as compared to the minimum
of Ω1. Ultimately, as the gyroscope approaches the horizon, both Ω1 and Ω2 approach the ZAMO’s angular velocity.
The extra dimension is an important concept in modern gravity theory and there is no experiment to prove or dis-
prove the hypothesis. In our work, we found that a rotating KK black hole is always different from a Kerr-Newmann
black hole, this implies that we can check the hypothesis of extra dimension by the analysis of the gyroscope pre-
cession frequency. On the other hand, it is considered that graviton can play an important role to investigate extra
dimensions, so gravitational perturbation could include some critical information from the property of spacetime
with extra dimensions. We will work on the gravitational perturbation effect on the gyroscope precession in a sub-
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sequent work.
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